Abstract. Sharp error estimates in approximating the Stieltjes integral with bounded integrands and bounded integrators respectively, are given. Applications for three point quadrature rules of n−time differentiable functions are also provided.
Introduction
In order to approximate the Stieltjes integral b a f (t) du (t) with the simpler expression
S. S. Dragomir and I. Fedotov [8] introduced in 1998 the following error functional then [8] (
The constant 1 2 is best possible in (1.6). A different approach in the case of integrands of bounded variation were considered by the same authors in 2001, see [9] , where they proved that
provided that f is continuous and u is of bounded variation. Here b a (u) denotes the total variation of u on [a, b] . The inequality (1.7) is also sharp.
If we assume that f is K−Lipschitzian, then [9] (1.8) where f and u belong to different classes of functions for which the Stieltjes integral exists, see [2] , [5] , [6] and [7] and the references therein.
The main aim of the present paper is to estimate the error of approximating the Stieltjes integral b a f (t) du (t) with the simpler expression
provided the integrand f is bounded below by m and above by M. In the dual case, i.e., when n ≤ u (t) ≤ M on [a, b] , the problem under consideration consists of approximating the same Stieltjes integral b a f (t) du (t) with the quantity
Applications for the three point quadrature rule of n−differentiable functions are also given.
Inequalities for the Stieltjes integral
The following result may be stated. 
we have the bound satisfies the inequality
and the Stieltjes integral
and the inequality (2.2) is proved. Now, assume that (2.2) holds with a positive constant C, i.e., 
and replacing f 0 and u 0 in (2.3) produces the inequality
The following corollary provides a natural example of functions f that can be chosen to fulfill the conditions in the above theorem.
where
The constant Let us now consider u 0 (t) = sgn t − a+b 2
which shows that the equality case holds in (2.4).
The following result providing bounds for the Lipshitzain integrators may be stated as well: 
is Riemann integrable, by making use of (2.6) we have
and the desired inequality (2.5) is obtained.
To prove the sharpness of the constant 1 2 , assume that the inequality (2.5) holds with a positive constant D, i.e., . It is obvious that f 0 is Riemann integrable and M 0 = 1, m 0 = −1. Since, by the triangle inequality we have
and introducing the above values in (2.7) we deduce If f is continuous on [a, b] and u is L−Lipschitzian, then:
The constant 1 2 is best possible. Proof. In order to prove the sharpness of the constant, we cannot use the example from Theorem 2 since f 0 was not continuous.
If
and f 0 is continuous, then
Consider now the sequence of continuous functions 
Now, if (2.8) holds with a constant
then on choosing f 0,n and u 0 as above, we get
for each n ∈ N. Letting n → ∞ and taking into account that lim n→∞ x n = 0, we 
The first inequality in (2.10) is sharp. The constant Proof. The inequality
follows by the definition of Stieltjes integrals. Since
we also have that
and the inequality (2.10) is thus proved. 
which shows that the last inequality holds with equality in (1.9). Finally, to have equality in the first part of (2.10) it is sufficient selecting u 0 to vanish in a,
and being continuous and monotonic nondecreasing on a+b 2 , b . In this situation we get in all terms of (2.10) the same quantity u 0 (b) .
Corollary 4. If f is continuous on [a, b] and u is monotonic nondecreasing, then
To prove the sharpness of the inequality we use the functions f 0 (t) = t − a+b 2 and u 0 (t) = sgn t − a+b 2 which produce in all terms of (2.11) the quantity
The dual case, i.e., when the integrator is bounded below and above, is incorporated in the following result.
Theorem 4. Assume that u is Riemann integrable on [a, b] and
Define the error functional of generalized trapezoid type
(i) If f is of bounded variation and such that the Stieltjes integral
exists, then
The constant 1 2 is best possible in (2.14).
The constant 
The first inequality is sharp and the constant 1 2 is best possible in (2.16). Proof. The proof follows by Theorems 1 -3 on utilizing the integral identity:
and the details are omitted. 
t) .
The details are left to the interested reader.
Applications for three point quadrature rules
In [1] (see also [10, p. 223] ) P. Cerone and S. S. Dragomir established the following three point quadrature rule for n−times differentiable functions:
This representation comprises amongst others the interior point quadrature rule obtained by Cerone et al. [3] in 1999 for γ = 0 and the trapezoid quadrature rule obtained by Cerone et al. [4] in 2000 for γ = 1.
Consider the function:
We have 
We also have 
